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Abstract
A simple graphG has the generalized-neighbour-closed-co-neighbour property, or is a gncc graph,
if for all vertices x of G, the subgraph, induced by the set of neighbours of x, is isomorphic to the
subgraph, induced by the set of non-neighbours of x, or is isomorphic to its complement. If every
vertex x satisﬁes the ﬁrst condition (that is, the subgraphs, induced by its set of neighbours, and by
its set of non-neighbours, are isomorphic), then the graph has the neighbour-closed-co-neighbour
property, or is an ncc graph. In [A. Bonato, R. Nowakowski, Partitioning a graph into two isomorphic
pieces, J. Graph Theory, 44 (2003) 1–14], the ncc graphs were characterized and a polynomial time
algorithm was given for their recognition. In this paper we show that all gncc graphs are also ncc, that
is, we prove that the two families of graphs, deﬁned above, are identical. Finally, we present some of
the properties of an interesting family of graphs, that is derived from the proof of the claim above,
and we give a polynomial time algorithm to recognize such graphs.
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1. Introduction
All graphs in this paper are ﬁnite, undirected and simple. We denote a graph by G =
(V ,E), whereV is the (non-empty) set of vertices, and E is the set of edges.A simple graph
G has the neighbour-closed-co-neighbour property, or is an ncc graph, if for all vertices
x of G the subgraph induced by the set of neighbours of x is isomorphic to the subgraph
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induced by the set of non-neighbours of x. For example, Kn,n is an ncc graph. Bonato and
Nowakowski characterized in [2] the ncc graphs via the existence of certain matchings, and
showed that the ncc graphs can be recognized in polynomial time. For further information
see [2,1,5].
Two simple graphs G1 = (V1, E1) and G2 = (V2, E2) are called isomorphic, and are
denoted G1 ∼ G2, if there exists an one-to-one onto function m : V1 → V2, such that
{x, y} ∈ E1 if and only if {m(x),m(y)} ∈ E2. The simple graph G¯ = (V , E¯) is the
complement graph of the simple graph G= (V ,E) if for every x, y ∈ V , {x, y} ∈ E¯ if and
only if {x, y} /∈E. We put a bar on the name of a graph to denote its complement graph.
Obviously ¯¯G ∼ G. In this paper we deal with a generalized case of ncc graphs, which
involves complement graphs and isomorphic graphs.
Let G be a simple graph, and let x ∈ V (G). We denote by N(x), and by L(x), the
set of neighbours of x, and the set of non-neighbours of x, respectively, and we deﬁne
N [x] = N(x) ∪ {x}. Notice that x ∈ L(x). We also denote by GN(x) the subgraph of G,
induced by N(x), and by GL(x) the subgraph of G, induced by L(x). We say that a simple
graph G has the generalized-neighbour-closed-co-neighbour property, or is a gncc graph,
if for all vertices x of G, either GN(x) is isomorphic to GL(x), or GN(x) is isomorphic to its
complement graph ¯GL(x). All the vertices of G, satisfying the ﬁrst condition, form the set
ISO of G, denoted by ISO(G), and all the vertices of G, satisfying the second condition,
form the set COMP of G, denoted by COMP(G). By deﬁnition, gncc graphs with an empty
set COMP are ncc graphs. We denote all gncc graphs with an empty set ISO by ¯ncc.
Surprisingly, although the family of gncc graphs seems larger than the family of ncc
graphs, this assertion is false: we show that every gncc graph is either an ncc graph or an
¯ncc graph, and that K2 is the only ¯ncc graph; Since K2 is also an ncc graph, we actually
prove that all gncc graphs are ncc graphs.
The following notation is essential for further discussion: a d-regular graph has only
vertices of degree d, where d is a non-negative integer, and for every non-negative integer
n, a graph of even order 2n is super-regular, if it is n-regular. Let G be a simple graph and
let H be a subgraph of G. The subgraph G\H of G is obtained from G by deleting all edges
of H from G.
2. Partitioning a graph into two pieces
The following theorem is the main result of this paper.
Theorem 2.1. For every simple graph G,G is a gncc graph if and only if G is an ncc graph.
We will defer the proof of Theorem 2.1 until after the proof of Theorem 2.5, so we
continue by introducing mates-pals graphs and show their connection to gncc graphs.
Let G= (V ,E) be a simple graph, and {x, y} ∈ E; Then {x, y} is called a mates-edge if
for every z ∈ V \{x, y}, {x, z} ∈ E if and only if {y, z} /∈E, and {x, y} is called a pals-edge
if for every z ∈ V \{x, y}, {x, z} ∈ E if and only if {y, z} ∈ E.
A graph G = (V ,E) of even order has a mates-pals perfect matching, if there is some
perfect matching M of G, so that every edge of M is either a mates-edge or a pals-edge in G.
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The end vertices of the mates-edges of M are called the mates of M, and the end vertices of
the pals-edges of M are called the pals of M.We say that M is a mates-pals perfect matching
and that G is a mates-pals graph. If M includes only mates (respectively, only pals), we may
delete “pals” (respectively “mates”) from the deﬁnitions.
The connection between gncc graphs and mates-pals graphs is presented in the following
two lemmas.
Lemma 2.2. Every gncc graph has a mates-pals perfect matching, such that the set of all
mates of the matching forms the set of vertices ISO of the graph, and the set of all pals of
the matching forms the set of vertices COMP of the graph.
Proof. A gncc graph of two vertices (that is, K2) is a super-regular mates-pals graph, that
satisﬁes the conditions of the lemma, therefore, if G= (V ,E) is a gncc graph, then we may
assume that |V |> 2. By deﬁnition, G is super-regular, thus we are left to prove the rest.
For every vertex x ∈ V (G), the degree of x in GL(x) is 0, so the degree of x in ¯GL(x)
is |L(x)| − 1, which means that if |L(x)|> 1 then no vertex of ¯GL(x) is isolated in ¯GL(x),
and GL(x) /∼ ¯GL(x). Hence every set U ⊂ V may be the set of neighbours of a vertex
x ∈ ISO(G), or the set of neighbours of a vertex x ∈ COMP(G), but not both; it means that
ISO(G), and COMP(G), are distinct, and thus form a partition of V into two distinct sets.
Therefore, if we ﬁnd a perfect matching for the graph induced on ISO(G), and we ﬁnd
a perfect matching for the graph induced on COMP(G), then we may conclude that their
union forms a perfect matching over G.
Moreover, we divide ISO(G) to equivalence classes, according to an equivalence relation
that we denote by , and we divide COMP(G) to equivalence classes, according to an
equivalence relation that we denote by R. Then we ﬁnd a perfect matching for each of the
subgraphs, induced on a different equivalence class, such that all its edges are mates-edges
of G, if the equivalence class belongs to ISO(G), and they are all pals-edges of G, if the
equivalence class belongs to COMP(G). Obviously, the union of all perfect matchings of
the induced subgraphs is the desired mates-pals perfect matching, and thus we terminate
the proof of the lemma.
We deﬁne the relations , and R, as follows:
For every x, y ∈ ISO(G), xy, if and only if N(y) = N(x) or N(y) = L(x), and for
every x, y ∈ COMP(G), xRy if and only if N [x] = N [y]. Note that , and R, are indeed
equivalence relations.
At last we show how to construct the perfect matching over the vertices of each equiva-
lence class:
Assume that I is an equivalence class of  over the set of vertices ISO(G), let x ∈ I be
any such vertex, and let m : L(x) → N(x) be a mapping of the vertices according to any
isomorphism function from GL(x) to GN(x).
Since the degree of x in GL(x) is 0, then by deﬁnition, the degree of m(x) in GN(x) is
also 0, hence the super-regularity of G dictates that N(m(x))=L(x). Therefore, m(x) ∈ I ,
and {x,m(x)} is a mates-edge in G.
Similarly, for every y ∈ I , y = x,m(x), satisfying N(y)=N(x), the vertex y must be in
L(x), and so N(m(y))=L(x)=L(y). Thus m(y) ∈ I , and {y,m(y)} is also a mates-edge
in G. Similar calculations show that if y ∈ I , satisfying N(y) = L(x), then y ∈ N(x), and
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m−1(y) ∈ I . Therefore, we can conclude that the set of mate-edges, that is deﬁned that way
by all vertices in I ∩ L(x), is a perfect matching over the vertices of I, consisting only of
mates-edges of G.
Assume now that C is an equivalence class of R over the set of vertices COPM(G),
let x ∈ C, and let m : L(x) → N(x) be a mapping of the vertices according to any
isomorphism function from ¯GL(x) toGN(x). Similar calculations lead to the conclusion that
N [m(x)] = N [x], so m(x) ∈ C, and {x,m(x)} is a pals-edge in G.
For any other vertex y ∈ C, y = x,m(x), the vertex y must be in N(x), and the degree
of y in GN(x) is n − 1, thus by deﬁnition, the degree of m−1(y) in GL(x) is 0. Since
{m(x),m−1(y)} /∈E(G), the degree of m−1(y) in G is less than |V |/2, which contradicts
the regularity of G. Therefore, the equivalence class C consists of x, and m(x), only. 
The following is a straightforward claim, that is used in the consecutive lemma, and
throughout this paper:
Claim 2.3. Let M be a mates-pals perfect matching of the graph G, containing the two
mates-edges {a, b}, and {c, d}, and the two pals-edges {x, y}, and {z,w} of G; Then, the
three following properties hold:
1. The subgraph of G\M , induced by the set of vertices {a, b, c, d}, is a matching of size
2 (that is, the degree of each of the vertices a,b,c, and d, in that subgraph is 1).
2. The subgraph of G\M , induced by the set of vertices {a, b, x, y}, is a two edges long
path, such that the degree of each of the vertices x, and y, in that subgraph is 1, and the
degrees of a, and b are arbitrarily 2 and 0.
3. The subgraph of G\M , induced by the set of vertices {x, y, z, w}, is either empty or is a
cycle of 4 edges (that is, an equal degree 0 or an equal degree 2 to each of the vertices
x, y, z, w).
Lemma 2.4. If a super-regular graph has a mates-pals perfect matching, then it is either
a mates matching or it is a pals matching.
Proof. Consider of a super-regular mates-pals graph G, with a mates-pals perfect matching
M, that includes a positive number of mates-edges and a positive number of pals-edges.We
use the conclusions of the previous Claim 2.3 as a tool for proving this lemma.
Since G is regular, the degrees of the end vertices of each mates-edge {a, b} of M should
be identical in G. Although every other mates-edge contributes 1 to the degree of a, and 1
to the degree of b (by edges, connecting its end vertices with a and b), the pals-edges do
not contribute equally to a, and to b, thus the number of pals-edges of M, contributing 2 to
the degree of a in G, must be equal to the number of pals-edges of M, contributing 2 to the
degree of b in G. Therefore, the number of pals-edges in M should be even.
On the other hand, for every pals-edge {x, y} of M, every mates-edge {a, b} of M satisﬁes
a ∈ N(x), b ∈ L(x) or b ∈ N(x), a ∈ L(x), and every other pals-edge {z,w} ofM satisﬁes
z,w ∈ N(x) or z,w ∈ L(x). Since |N(x)\{x, y}|=|L(x)\{x, y}|, then the number of pals-
edges, adjacent to x, must be equal to the number of pals-edges, not adjacent to x, thus the
number of pals-edges, other than {x, y}, in M, is even; Along with {x, y} it makes an odd
number, contradicting the previous conclusion.
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Therefore, every mates-pals matching of G includes either only mates-edges or only
pals-edges. 
According to Lemmas 2.2 and 2.4, a gncc graph is either an ncc graph or an ¯ncc graph,
thus we are left to handle the ¯ncc graphs. The following Theorem 2.5 proves that there are
no ¯ncc graphs other than K2, and since K2 is also an ncc graph, this theorem terminates the
proof of Theorem 2.1.
Theorem 2.5. Every ¯ncc graph is isomorphic to K2.
Proof. Let G= (V ,E) be an ¯ncc graph. By deﬁnition, |V | is even and G is |V |/2-regular,
hence |V | = 2n for an integer n. Obviously K2 is the only ¯ncc graph of order 2, thus we
may assume that n> 1.
Let x be any vertex of V (G), and let m : L(x) → N(x) be the mapping of vertices for
any isomorphism function from ¯GL(x) to GN(x). We also refer to a pals perfect matching
M, that exists in G according to Lemma 2.2.
If x is the end-vertex of the pals-edge {x, y} of M, and y = m(x), then by the pals-edge
deﬁnition, all neighbours of y in G lie in N [x], and according to the isomorphism of ¯GL(x),
andGN(x),N [x] also includes all neighbours ofm(x). The isomorphism of those two graphs
also implies thatN(m−1(y))=N(x), whichmeans thatm−1(y) is also a neighbour ofm(x),
and we get a contradiction. Thus {x,m(x)} must be an edge ofM. (Note that we could avoid
this case by following the proof of Lemma 2.2, and concluding that the pals-edge of M,
adjacent to x, must be also adjacent to m(x).)
Let y be any vertex in L(x)\{x}; We assume that such a vertex exists since n> 1. The
deﬁnition of pals-edges implies that for any pals-edge of M, other than {x,m(x)}, the two
end vertices of the edge are both in N(x) or both in L(x), thus if {y, z} and {m(y),w} are
the pals-edges of M, that include y and m(y), then z ∈ L(x) and w ∈ N(x). Since ¯GL(x)
and GN(x) are isomorphic, also w = m(z) (and z = m−1(w)).
The isomorphism between the subgraphs ¯GL(x) andGN(x) dictates {m(y),m(z)} /∈GN(x)
and {y,m−1(w)} /∈GL(x). Moreover, the deﬁnition of pals-edges yields that {w,m(z)} /∈
GN(x) and {z,m−1(w)} /∈GL(x), which contradicts the isomorphism of the subgraphs ¯GL(x)
and GN(x). 
We are now ready to prove Theorem 2.1.
Proof. By deﬁnition, every ncc graph is a gncc graph, thus we only have to refer to the
opposite claim. Lemmas 2.2, 2.4, and Theorem 2.5 prove its validity, and thus terminate the
proof of the theorem. 
3. Mates-Pals graphs
The proof of Theorem 2.1 characterizes the family of mates-pals graphs, that obviously
includes all gncc graphs. If super-regularity is not required, then there may exist mates-pals
graphs, with a positive number of mates and a positive number of pals. For example, the
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connected graph of order 4, consisting of one triangle of three edges, and an extra edge, is
such a graph. The following Lemma 3.1 proves the existence of an interesting property of
mates-pals graphs, Lemmas 3.3 and 3.5, describe properties of super-regular pals-graphs,
and of mates-graphs, and ﬁnally Theorem 3.7 describes a trivial algorithm that identiﬁes
mates-pals graphs.
Lemma 3.1. The number of mates-edges (respectively, of pals-edges) is identical in all
mates-pals perfect matchings of a given mates-pals graph.
Proof. Let G be a mates-pals graph. We show that no vertex of G can be the end-vertex
of a mates-edge, and the end-vertex of a pals-edge; Therefore, every vertex of G be-
longs either to the mates of every mates-pals perfect matchings, or to the their pals, as
required.
Let {x, y}, and {x, z}, be a pals-edge, and a mates-edge of G, respectively. Since {x, y}
is a pals-edge of G, and z is adjacent to x, then by the deﬁnition of pals-edges, z must be
also adjacent to y. On the other hand, since {x, z} is a mates-edge of G, and y is adjacent
to x, then by the deﬁnition of mates-edges, y is not adjacent to z. The contradiction, hence,
proves that no vertex x can be adjacent to both mates-edges and pals-edges. 
Corollary 3.2. The set of vertices of a mates-pals graph can be partitioned to two distinct
sets, such that one set forms the mates set of vertices of every mates-pals perfect matching
of the graph, while the other set forms the pals set of vertices of every mates-pals perfect
matching of the graph.
We need the following deﬁnition (according to [3]) for the next lemma. Let G be a simple
graph, and let e ∈ E(G); We denote by G/e the graph, obtained from G by contracting
e from G, that is, by deleting e from the edge set of G, uniting the end-vertices of e, and
deleting all extra parallel edges that were created that way. For every E′ ⊆ E(G), we also
denote by G/E′ (not to be confused with the notation G\G′) the graph, obtained from G
by contracting all edges of E′ from G.
Lemma 3.3. Let G be a super-regular pals graph of order 2n, and let M be any pals perfect
matching of G; Then G/E(M) is an (n − 1)/2-regular graph of order n. Moreover, there
exists an inverse operation to contraction the matching edges of G, that is, every super-
regular pals graph G with a pals perfect matching M, can be constructed from G/E(M) by
using that inverse operation.
Proof. The graph G/E(M) is of order n by deﬁnition. Also, since G is super-regular, then
following Claim 2.3, the number of pals-edges of M, that form an induced C4 along with e,
is exactly (n − 1)/2; Therefore, G/E(M) is forced to be (n − 1)/2-regular.
On the other hand, the same argument of Claim 2.3 proves that G can be reconstructed
from G/E(M), by using the inverse operation: the vertex set of G/E(M) reconstructs the
matching M of G, and every edge {u, v} ofG/E(M), such that u, and v, deﬁne edges {a, b},
and {c, d} of M, respectively, stands for an induced subgraph of G\M , isomorphic to C4,
deﬁned over the set {a, b, c, d}. 
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Corollary 3.4. Every super-regular pals-graph has an even order 2n, satisfying n ≡
1(mod 4).
Proof. Lemma 3.3 shows that for every super-regular pals-graph of order 2n, there exists
an (n− 1)/2-regular graph of order n. Such a graph has n(n− 1)/4 edges, and since n− 1
must be even, n is odd, and so n − 1 must also be divisible by 4. 
Lemma 3.5. Every mates-graph is an ncc graph.
Proof. Let G be a mates-graph with a mates perfect matching M. The subgraph of G\M ,
induced by the vertices of every two mates-edges of M, is always a matching of size 2 (see
Claim 2.3), thus G is always super-regular.
In [2] it was proved that a simple graph is ncc if and only if it is super-regular and there
exists a perfect matching, such that the two end vertices, of every edge in the matching,
have distinct sets of neighbours.
Since G is super-regular, and since every mates-matching satisﬁes that condition of [2],
then G is an ncc graph. 
Corollary 3.6. A simple graph is an ncc graph if and only if it is a mates-graph.
Proof. The proof follows Lemmas 2.2 and 3.5. 
We terminate this chapter by proposing a very trivial algorithm to identify mates-pals
graphs.
Theorem 3.7. Mates-pals graphs can be recognized in a polynomial time.
Proof. LetG= (V ,E) be a simple graph of even order. The following is a polynomial time
algorithm that decides if G is a pals-mates graph:
(1) Delete every edge of G that is neither a mates-edge nor a pals-edge.
(2) Denote the remaining graph by G′.
(3) G is a mates-pals graph if and only if G′ has a perfect matching.
By a well-known result of [4], it takes a polynomial time to check the existence of a
perfect matching in G′, and thus the algorithm is polynomial, as required. 
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